# Introduction.
As is well known, the projective plane and the Moebius strip are nonorientable manifolds of dimension two. After introducing a Riemannian metric on each of them, we obtain two 2-dimensional nonorientable Riemannian manifolds. For convenience of reference, let us denote them by M 2 2 and M^, respectively. Each of these manifolds has an area A, Moreover, there exists a family of closed curves, which are not homotopic to zero, on each manifold; and hence the set of the lengths of all these closed curves in consideration has a positive greatest lower bound, α. The purpose of this paper is to investigate the relationship between these two geometrical constants, A and α. It is found that, in each case, there exists an inequality [l] connecting them, of the form (1) A > ka 2 , k being a constant depending only on the conformal character of the Riemannian manifold. To establish such inequalities and to determine the corresponding best possible constants are the two central problems in this investigation.
For the time being, the projective plane is used in the following realization: it is given as the unit sphere with identification of diametrically opposite points. We assume further that the metric on M 2 2 is given by ds 2 = g{p) dp 2 , dp 2 being the line element of the unit sphere taken from the embedding Euclidean space; g(p)£C&)> &(p) > 0 for any point p on the manifold. As for the Moebius strip, we assume that it is given by the strip We assume further that the metric on M m is given by
where g(x 9 y)£.C ω an(^ &(*>y) > 0. We shall see later that these assumptions are admissible in our cases. The main idea of the method for solving these problems is to reduce the general metric, g(p)dρ , to a simple and special one, gdp , for which the equality in (1) holds, by an averaging process over a certain continuous group space; this enables us to handle our problems more easily. Let Ag, ag, Ag, ag be the geometrical constants defined in terms of the original metric and the simplified metric respectively. Fortunately, this averaging process provides us a means of comparison between Ag and Ag and between Og and α^; namely, we have
ag <_ag.
A comparison of the equality yielded by the special metric mentioned above with the foregoing inequalities (2) gives us the desired result.
Take, for example, the manifold M 2 2 . Each rotation of a 2-sphere about its center in the ordinary space is actually a conformal mapping of M^g onto itself. All these rotations form a compact Lie group G, Averaging [g (p) ]V2 over G by the Hurwitz integration, where σ ££, and where δσ is the invariant volume element, we can easily show that h is a constant and that the simplified metric is an elliptic one; this produces the equality
(3)
A h .l ai .
π A combination of (3) The same method can be extended, with some restrictions, to the case of M** n , that is, the Riemannian manifold whose underlying topological space is an rc-dimensional projective space.
In the case of M^, let the rectangle ft: \~a-X< \-β <Ύ < be its fundamental region, as will be explained in §3. There exists a one-parameter family of conformal mappings of M^ onto itself,
c being real mod (4α). Averaging [g(* + c,y)] 1/2 over the interval [O,4oc] by the formula
we can see that [g(y)] I/2 is free of x and is an even function on account of the fact that the metric is invariant under the fundamental group Γ that is, 
Let gn(p) be defined by the formula gnip) =

If the sets of lengths
S t = f [g t (p)] ι/2 ds (i = 1,2, , n) of a(i) and (ii) a~Z > α~ - = a 0 .
on -&1 &ra
Proof. By the definition of area and that of g n , we have
where dω is the area element, which can be expressed locally by the formula We shall now prove the following theorem, which characterizes the relationship between the two geometrical constants A and a in M 
where dp 2 is the line element of the unit sphere U 2 taken from the embedding 3-dimensional Euclidean space.
We remark that the area A of M 
and hence is a constant. In fact, let T be any element of G; then, by definition,
since Sσ is invariant under all left translations. Therefore,
G
As the group G is transitive, A ι / 2 is a constant. Combining (4), (7), and (8), we have
Dropping the unnecessary indices, we obtain the inequality
π That 2/π is the best constant is evident, since we already have shown that the equality sign actually is attained when the metric is elliptic.
A slight generalization of Theorem 1, referring to certain special Riemannian metrics on the π,-dimensional projective space P n , can be proved in a similar fashion, using Holder's inequality 
\-β <y < β S:
I -00 < X < 03 of the (%,y)-plane. The fundamental group Γ appears then in the form:
The given manifold M 2^ is mapped isogonally onto the fundamental region 
*) = r y(t)dt
we have (12) and, in our case, The general solution of (13) is found to be
When y = 0, we have [l-g(0)] 1/a = 0 and hence k = 0. Therefore, log = -γ.
An explicit expression for g(y) is as follows:
From the explicit expression (14) for g(y), every property of g(y) we assumed at the beginning is verified. It is a positive, even, and monotonic decreasing function for y > O Moreover, g(y)-»0 as y->oo and g'(0) = O Such a g(y), with those properties just mentioned and defining the family F of the closed geodesies through (0, 0) and not homotopic to zero, is distinguished. Let us denote it by go(y); that is, go(y) is defined by either (13) or (14).
We are now in a position to establish the inequality in question for a positive, even, analytic function g(γ)* By the definition of α, we have 
